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SUMMARY
This paper deals with a class of variational problems involving multiple integrals with one unknown function. Else than
in the classical calculus of variations where the unknown function e.g. must be continuous and must take fixed values
on the boundary, the unknown function must be a solution of a partial differential equation.

Physically one could imagine a process, described by a partial differential equation and controlled by the boundary
conditions, while this process must be optimized in some sense by choosing the best boundary values.

1. Introduction

The calculus of variations deals in general with the optimization of a functional within some
class of functions.

In the classical calculus of variations the class C, is often used [1].

In the optimal control theory the problem with the class of admissible functions consisting
of the solutions of a set of ordinary differential equations, with given fixed boundary conditions,
is taken up. In this case, the set of ordinary differential equations contains some control varia-
bles, that must be chosen in such a way that the functional reaches a relative extremum. A
treatment of this problem is found in an article by R. Timman [3].

Extending this line we arrive at the subject of this paper. In sections 3 and 4, necessary
conditions are derived, for a function u(£?, ..., &), which is a solution of a given linear elliptic
partial differential equation with or without subsidiary conditions on the surface of the con-
sidered domain in R,, to satisfy in order that this function attaches a relative extremum to the
functional :

J (@)} = JGJ P, gt oot £, .0y )G .
To optimize in this case means, to find boundary conditions so that the solution defined by this
conditions and the differential equation, will attach a relative extremum to J {«()}. In section 5
the results of chapter 3 are given in the case of the Poisson equation.

This is done for some well-known coordinate systems.

Finally, some constructive applications will be found in sections 6 and 7.

2. Definitions

In this chapter some symbols are introduced, that will be used throughout this paper as
defined here.

G, I G is an open bounded domain in R, with piecewise smooth surface I'.

E, The set of all points of I where no normal vector exists. It is assumed that E;
exists of a finite number of closed bounded domains in I" with dimension less
than n—1.

E, An arbitrary set of a finite number of closed, bounded domains in I" with dimen-

sion less than n—1.
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{x},{€}.T {x}Is a cartesian coordinate system in R,
{¢} Is a curvilinear coordinate system in R,
T is a reversible one-to-one transformation,
T:xi=x'{&, ..., & =x"{¢}.
LM L is a second order linear partial differential operator in the cartesian coordinate
system.

L= [a"‘(x)%x—k + bi(x )% + elx )J

where: a*(x) = a"(x); a*(x)eC, [GuUT],

bi(x)eC, [GuT],

c(x)eC [GuT].
It is assumed that the generalised Dirichlet problem for L and for its adjoint
operator M has exactly one solution.

LM The differential operators L and M, transformed for a coordinate system {¢}.
o u(¢)e C, means: u(é)e C; [C{E,} n 1],
while u(), us are bounded for {&}el’ (i=1,2,...,n)
U U: {u(é):u)eCyn L{u@)} =dx()n d(x)e C[G ull}.
J{u(é)} J{u(§)} = j'é'j Fu(&), ugs, ..., ugn, &4, ..., EdG .

It is assumed that the integrand F has continuous first and second derivatives
with respect to all its arguments.
a(%) #(¢) is a function u(£)e U which attaches a relative extremum to J {u(¢)} .

3. General Theory

It is assumed that U contains a function 4(¢) which attaches a relative minimum to J {u(¢)}.
Necessary conditions, that must be satisfied by such a function will be derived.
For that purpose #(¢) is varied within U withe(&), ¢ is an arbitrary small real number and

the varied function is called #(£).
#(¢) = () + e (8)
From ii(¢)e U follows:

L{$(0)} =0, {¢}eG, (3.1)

and
p()eCy . (32)

From (3.1)and (3.2)follows that ¢ (£), {¢} € G U I',isbounded. Consequently e (&)is an arbitrary
small variation of #(¢).
The increment of J{#(¢£)} is;

AT {a(&); e (&)} = J{a(&) +ep (&)} — T {a (&)}
- [.é.S[F(ﬁJrsqb, it 6pes &) — F(i i )]G ,
=j~é-j[8{Fa¢+ F, ¢} +62{...} +..1dG .

The linear principle part or the variation of J {ﬁ(f')}, 8J {11(&); e (&)} is defined as:

ST (8(9); e (9)) = ¢ j j (Fy §+F, 6} dG (33)
Hence:
47{a(8); e (&)} = aJ{a(&); b (£)} +0(e?) . (34)
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The optimization of a functional 255

The condition that #(¢) attaches a relative minimum to J{u(¢)} is equivalent to:

A7{a(d); ep($)} 2 0, (3.5)

for all functions ¢(¢) satisfying (3.1) and (3.2). This necessitates the following equation to
hold good for all ¢ (&) according to (3.1) and (3.2):

L51{a(e); o ()}—j jFA¢+ 2y ek dG=0. (36)

Via the divergence theorem of Gauss and the second theorem of Green, this integral will be
transformed into an integral over I'. Put:

Fl
F"

0

Fi= aua {F(u, ug, ..., um, &', ..., £} .

F is a contravariant vector, so the divergence of F is:

) & j]
F—Fli—
VE=FJ=%8 lkf}

hence:
VASCF} =NV F} = ¢ I
Substitution into (3.6) yields:

218 (@) = [ (BOE-V-H+V- (@) 6. (37)
From the divergence theorem of Gauss follows:

j . j V- {$(OF}dG = J&f (O){n-Fydr, (33)

where n is the outward unit normal vector.
In cartesian coordinates the second theorem of Green exists. A variant of this theorem is:

J . J B(Xx)M {x(x)}dG = g B(x) a"é(v") ar (39)

with the conditions:

a(x) and B(x)e C; [G],

WD vt} (sler,

vi(x) = "‘(X) m(x),  {xjerl,
L{B(x)} = {x}eq,
a(x)=0 for {x}er.

The transformation of (3.9) on the coordinate system {£} results in:

[ .| pecten ar ot ac - ff pie(e) LD g 3.10)

oxt ox*

where: v = A“ﬂ(é)a?a 8_5‘"nk

(x(2)),
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2
and: A (¢) are the coefficients of a_zfa—zf’ in L.
The adjoint function /(£) of a function u(¢)e U is uniquely defined by :

{M'{LD(E)} =F—-V'F, {{}eG,

Y(&) =0, {¢ler . (3.11)
By virtue of (3.10), (3.1) and (3.11) it is found that:
JGJ $(&){F,—V-F)dG = gdj(g)ﬂ%@ dr . (3.12).
Substitution of (3.8) and (3.12) into (3.7) results in:
! 5J{u @) —ﬁ b( { a{‘gif)} }dF:O. (3.13)

This is the promised 1ntegra1 over I'. The advantage of this expression is that ¢(£) is an explicit
factor in the integrand, with which the freedom of ¢ (&), for {{} eI, can be utilized in a simple.
way. Put:

IF'=C{E{UE,}nT.

The integrand of (3.13) does not exist on E, U E,. However, it can be easily concluded from the
definitions that it is bounded on I' and continuous on I

Consequently, in (3.8), (3.12) and (3.13) I can be replaced by I

The condition that (3.13) is satisfied for all functions ¢ (&)e C; is equivalent to:

4 200

Proof: T is an open domain, consequently: at every point {£o) eI exists a finite domain
A{E} with: {Eo}e A&} < T

oy ()}
ov

In that case an open domain B{&,} exists with: {&,}e B{¢,} = A{¢,} while:

=0, for {¢el.

Suppose: n-F + # 0,say >0, for {&}={¢}el.

nF + ——— {"b( )i > 0, for {£}eB{&}.

Let ¢ (&)e C| satisfy:
{¢(5)>0; {&yeB{¢y},
?(8)=0; {&}eC{B()}nT .

This function however, attaches a positive value to (3.13), which is a contradiction. If

o{y (&)}
ov

nF + =0, (3.13) is satisfied.

This completes the proof.

A function u(¢)e U that satisfies (3.6) or (3.13) is called a stationary solution.
Now theorem I can be formulated :

Theorem 1. In order that u(£)e U is a stationary solution with regard to J {u(&)}, it is necessary
and sufficient that u(E)e U has an adjoint function () which satisfies the overdetermined set of
equations:
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M@} =F-VF, {{eG,
¥(©)=0, {gerl,
W+ ﬁ{tg‘()é)} =0. {gel. (3.14)

There are still some remarks to be made:

N

(a) V-F= FJ—\/ 20

where: g=det (g")
and: g¢¥ is the metric tensor .
(b) In order that u(¢)e U has an adjoint function (&) it is necessary that:

[ rao=o.
G

Proof:

[...jM’{W(é)}dG=[..G.f{Fu—V-F}dG _ j.é[Fu dG— ﬁ nF dr

On the other hand application of (3.10) with $(¢)=1 leads to:

j.{.}.fM’{w(é)}dG ﬁa{‘” ir = - ﬁ

This completes the proof.
(c) Though (3.14) has been derived with the use of the Dirichlet conditions, theorem I can
also be used for other types of boundary value problems.

4. General Theory with Subsidiary Conditions on the Surface

It may happen that e.g. from technical considerations, the function u(é)e U, {£} €T, is not
allowed to exceed some values or that this function has to take fixed values.

For this problem also, conditions can be derived which a function (&) must satisfy.

In this case the class of admissible functions is:

W={u(@):ul@)eUnal@)=ul@)=b(@), {¢tel},
where a(¢)and b(&)are two functions, defined on I', representing the upper and lower limitations

of u(¢), {¢}el’, a(¢) < b(¢).

If a function #(¢) is known, two domains I and I"” can be distinguished on I':

I : the set of all points {¢}el’, with @(&)=b(¢§),
I'": the set of all points {¢}el’, with #(¢)=a().

With help of I and I'” four domains o, 8, y and 6 can be distinguished on I':
a={C('ur)nfl,
B={C(I")} n{l'nl},
y={CU)}n{l"nl},
d=0I'nI". ' (4.1)

As the varied function () must be an element of W, the variation e¢(¢) has to satisfy:
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L{g()} =0, for {{jeG,

Pp(f)eCy,
<0, for {f}efB,
£ (¢) {20, for {¢tey,
=0, for {£}ed. 4.2)
The condition that (¢) attaches a relative minimum to J {u(¢)} is equivalent to:
ATA(); () 20, 43)

for all functions ¢ (&) satisfying (4.2). This necessitates the following equation to hold good
for all e (&), according to (4.2) with sufficiently small .

| 9
SJ {a(8); e¢ (&)} =8ﬁ¢(é) {n-F + %@}} r 20, (44)
r
Analysis of (4.4), analogous to the analysis between (3.13) and theorem I, results in:

Theorem II. In order that u(¢)e W attaches a relative minimum to the functional J {u(&)} it is
necessary that its adjoint function satisfies the overdetermined set of equations:

M) =F~V-F, for {£}eG,
¥(&)=0, for {&}erl,

=0, for {eanl,
n-F+ﬁw—@—} {§0, for {&}ep,

¥ lzo, for {&ey. (4.5)

In the case of a relative maximum the symbols o and § must be interchanged.
The domains o, f and y will not be known until #(£) is known. This complicates a constructive
application of theorem II.

5. The Equation of Poisson

In this chapter, the operator L is supposed to be the Laplace operator.
For this operator the notation 4 is used, both in the system {x} and in the system {&}.
The Laplace operator is self-adjoint. Consequently:

A = L = E = M g M, .
In the case of the Laplace operator holds:
a*(x)=6%, consequently: v=n.

The set of equations (3.14) takes the more simple form:

Ay} =F-VF, {{edG,
¥(€)=0, {¢tel,

n-F+6{lg7'(f)}=0, {&}el .

This set of equations will be specified for some well-known coordinate systems.
In the case of orthogonal coordinate systems can be applied:

\/—g_——- hyhy...h,.
The scale factors can be deduced from the expression of the square infinitesimal arc length:
ds? = hZ(dEY* .
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(a) Cartesian coordinates in R,,:
¥ (x) must satisfy :
0
AW =F— 3 (R (xeG,

j=1
Yw(x)=0, , {x}er,
: o{y(x)} =

. JF . =0 I.

j; " { w Ty » {xje
(b) Cylindrical coordinates in Rj:

fl=r ds? =dr* +vr2do* + dz?
&= 0
63 =z \/52 r )

W (r, 0, z) must satisfy:

OF, OF, dF,

- —F — 2w P w, - p G
A{Y(r, 0,2)} =F, P 0 P ., for {£}eG,
Y(r, 0,2)=0, for {&}er,

F, o
n|E, |+ 00D for {&}erl".
on
F,.
(c) Spherical coordinates in Ry:
El=r ds* =dr? +r2d0*+r? sin 0 d®
&=40

B=0 Jg=r*sin 0
¥ (r, 6, @) must satisfy:

Uy

6. A Constructive Method

. OF, oF, JF, 1
= ¥ Y ¥ T _ -F G
4 {1//(r,-0, ¢)=F, o 20 56 . F,— cotg0-F,, {{}eG,
l//(l‘, 0, ¢)=0= {E}EF,
F,,
n- Fue _i_w:(): {é}ef
F on

259

In this chapter a constructive method is developed for a collection of problems having the

following restrictions
e G 18 a circle domain with radius R.
e 1o 1@
or* ror P opr|’
o U={u(r,0):ulr, 0)eCina{u(r, 0)}=f(r, 0)nf(r.0)eC[GuTT]}.
o F(u,u, ug r, 0)=a(r, O)u*>+b(r, O)ul +c(r, O)ug +d(r, O)uu,
+e(r, O)uug+g(r, O)u,ug+h(r, Ou
+j(r, O u,+k(r, O)u,+1(r, 0),
with: a(r, 0), ..., 1(r,0)eC[GuUT].

.L=A=[

6.1)
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e A solution uy(r, 0) of A{u(r, 6)} can be found.
This solution can be expanded in a twice term by term differentiable Fourier series:

up(r, 0) = —— + Z {c,(r) cos (n0) + d,(r) sin (n6)} . (6.2)

e The adjomt function of any stationary solution can be expanded in a twice term by term
differentiable Fourier series:

Y(r, 0)=xo(r) + Z {x,(r) cos (n0) + y,(r) sin (n6)} . (6.3)
The Fourier expanswn of an arbitrary harmonic function w(r, 0), defined on G is:

w(r 0) = =2 + z {a, cos (n)+ b, sin (n0)} (R)n

n=1

Consequently, the Fourier expansion of a function u(r, 0)e U is:

u(r, 0) = %c"(r) + il{an (@ +c,,(r)}cos (n0) + i {b,, <%>n+d,,(r)} sin (n6).

n= n

6.4
In this expression only the constants ag, dq, ..., by, by, ... are unknown. (64)
At any stationary solution exactly one adjoint function ¥ (r, ) exists. This function satisfies:
0 ) 1
(4 =F,—— {F,} - — -
{l/j(r’ 6)} u ar { “r} 69 {Fue} Fu >
VRO  =0.
2{¥ (R, 0)}
| — 5 = fur (6.5)
Substitution of (6.1) and (6.2) into (6.5) yields:
AW O)}= a0 +Folr)aot 3, (nlr)+Balr)an+7(r)by) cos (n0)
+ 3 (8a(r) +eu(r) ap+ An(r)b,) sin (n6)
n=1
YR, 0 =0,
o (R, 0 ©
l/jgr )= Ao+Boag+ Y, (A,+B,a,+C,b,) cos (nb)
n=1
+ > (D,+E,a,+G,b,)sin (nf). (6.6)

n=1

The functions og(r), Bo(r), ---, 4,(r) and the constants A,, By, ..., G, can be determined by
performing the substitutions. In this chapter only the structure of (6.6) is of importance.
From the Fourier expansion (6.3) follows:

-

A{Y(r, 6)} = x5 ()+1x0 ) + z L,{x,(r)} cos (nf)

§ L, {y,(r)} sin (n6),
Y(R, 0} = x(R)+ {x,(R) cos (n) +y,(R) sin (nd)} ,

WD s

{x4(R) cos (n8) + y,(R) sin (n0)} , (6.7)
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where L, is the differential operator:

d? . 1d n?

dr* rdr |

The Fourier expansion is unique. From comparison of (6.6) with (6.7) follows (6.8), (6.9) and
(6.10).

xo(R)=0,
x,(R)=0, n=12
y(R)=0, n=1,2 (6.8)
xo(R) = Ao+ Boag ,

0
x,(R) = A,+B,a,+C,b,, n=12,..,
y,(R)=D,+E,a,+G,b,, n=12, ... (6.9)

x50 +x6(0) = to(r) +Bolr) o
Lo {x,(r)} = o, (r )+[3,,( Ya,+7y,(r)b,, for n=1,2....,
Loy{ya(1)} = 8,(r) +&,(r)a,+ A, (r)b,, for n=1,2,... . (6.10)
The solutions of (6.10) are:
[xo(r) = Ko+ No In(r) + P{oto(r)} +ao" P{Bo(r) } ,
%, (r) = K"+ Ny r ™"+ P{ay(r)} + @ P{B,(r)} + by P{,(r)} ,
Vu(r) = Hyr"+ My r™"+ P{5,(r)} +a, P{ea(r)} +by P{4,(r)} , (6.11)

where P, {a,(r)} are particular solutions of L, {x,(r)} =o,(r), etc. 4 {{ (r, 8)} has no singularities
at the origin.
From this follows:

Ny=0, N,=0, M,=0. (n=1,2..)

The unknown constants K, aq, K, H,, a, and b, (n=1, 2, ...), must be solved by imposing
the boundary conditions (6.8) and (6.9) on (6.11). Substitution of (6.11) into (6.8) and (6.9) results
for n=0, in one set of two linear equations in a, and K, and for n=1, n=2, etc. in one set of
four linear equations in a,, b,, K, and H,.

With any stationary solution and its adjoint function a set of numbers a,, a,, K,, K, and
H, (n=1,2,...) exists, that has to satisfy the sets of linear equations.

On the other hand, any set of numbers a,, a,, b,, K, K, and H,, that is a solution of the sets
of linear equations leads by substitution of this values into (6.4) and into (6.11) and (6.3)
respectively to a stationary solution and its adjoint function. Consequently, the method delivers
exactly all stationary solutions.

Now three cases can be distinguished :

(1) One or more systems are contradictory.

Hence:
No stationary solution exists.
(2) One or more systems are dependent and no system is contradictory.
Hence:
There are an infinite number of stationary solutions.
(3) All systems deliver unique solutions for ay, a,, b,, Ko, K, and H, (n=1,2,...).
Hence:
Exactly one stationary solution exists. This function is an extremum if an extremum is
known to exist.
An application of this method is found in (7.2).
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7. Applications
(1) Suppose:

~ J{u(x) = LJ (@ (x) 4+ b () u(x) + c(x)} dx ... dx",

where a is constant.
— E, VU E, is empty.
0% 0?
—L=A=| —+ ... + —=|.
[6x1 toee 6x"2}

An adjoint fanction must satisfy:

AW =F = T (R} =20l 4009, €6,
Yix)=0, {x}erl,
a‘gf’x) = —n;F,, =0, {x}el. (7.1)
All functions u(x)e U satisfy:
Afu(x)} = d(x). (72)

From (7.1) and (7.2) follows:
AA{Y(x)} =2ad(x) +41{b(x)},  {x}€G,
Y(x)=0, {x}eT,

0
W:o,{x}er (7.3)
This is a well-posed boundary value problem for the biharmonic equation. (7.3) has exactly one
solution, which is the only possible adjoint function.

From A {(x)} = 2au(x)+b(x) follows that exactly one stationary solution exists.

As the structure of F(u(x), u,, x) ensures the existence of a minimum, this minimum is:

) = A =00

2a
This result can e.g. be used in the quadratic approximation within the class U of a function
v(x)¢ U.

(2) This example is an application of the constructive method from chapter 6.
Suppose:

R (2= 1
- J{u(r,0)} = j j —z—{uz(r, 6) +uZ(r, 0) + ;liu,}(r, 0)}rdrdo .
0 0
— G is a circle domain with radius R.
— E, U E, is empty.
02 19 1 ¢

‘L=“=[:a'ri+;5+ﬁ:a@‘f]-

~ U={u(r, 0); A{u(r, 0)} =8rsin 8 nu(r, 0)eCy}.
A solution of 4 {u(r, 0)} = 8rsin 0 is: uy(r, 6) =r’sin 6.

The Fourier expansion of a function u(r, 0)e U is:
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u(r, 6) = % +r*sin@ + ), {a,cos(nd)+b,sin(nb)} (%) : (7.4)
n=1
With any stationary solution exists just one adjoint function ¥/ (r, 6) that satisfies:
0 0 1

A 0)=F — = {F,} - 2g Fuol — 25 Fu,

Y (R, 0) =

e{w(R, 0

{_(ér—)}“ = —F.r. (7.5)
Or:

A(r, 0)} = %’ + (r*—8r)sin 6+ Y {a, cos(nb)+b,sin(nb)} (é) ,

n=1 ;
V(R,0)=0
¥, (R, 0)= —3R*sin 0 — ) {a, cos(nb)+b,sin(nd)} % . (7.6)

n=1

From the direct Fourier expansion of ¥ (r, 6) follows:

AL0(r 0} = x40) + 2 x'() + z L, {x, ()} cos (n6) + z Lo {3, ()} sin (n6),

(R, 0)= i ) cos (n6) + y,(R) sin (n0)} ,
v,(R, 0)=xy(R) + "Z:l {x,(R) cos (n0)+ y,(R) sin (n6)} , (7.7)
@ 1d n
where L, = [dr o —2}
From (7.6) and (7.7) follows:
G0+ =
VL, () = a<1%> (1=1,23,..),
Li{y,(r)} =r’~8r+b, % ,
L, {00} =b, G{) (n=1,2,3,...), (7.8)

with the solutions:
i

2
x()(r) = K0+No hl r+a0<%>,

rn+2
=K 7 " —_— =1
x,(r) 7+ N1 +a"{4R"(n+1)}’ (n=1,2,..),

3
-1 5_
yi(r)=Hir+Mr ' +4°—r3 +b, <8R>’

Tn+2
=H, 7" - —_ = o). .
)= e Myt |k =23, 19)

\
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From 4 {y(r, 6)} e C [G] follows:

Ny=0, N,=0, M,=0, (n=1,2..).
Imposing the boundary conditions of (7.6) on (7.7) results in:
Xo(R)=0; xo(R)=0,

Mun=o;quy:—%-%, (n=1,2,...),
’ 1 2
y1(R)=0; yi(R)= —b, & — 3R?,

From (7.9) and (7.10) follows:
a,=0, (n=0,1,2,..))
b,=0, (n=1,23,..)

2R3+ 12R3

by=—" """
! 3R*+12

(7.11)

Substitution of these values in (7.4) yields:

. 2R?+12
- _ 3_ .p2
i(r, 0) =sin G{r rR [3R2+12]}'

This function is generated by imposing the boundary function:
. . R®
u(R, 0) =sin 6 {m}
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